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sandwich structures. By using the technique of slowly variable Fourier coefﬁcients, a zig–zag theory
based microscopical sandwich model is transformed into a macroscopical one that offers three numerical
advantages. Firstly, only the envelopes of instability patterns are evaluated and this leads to a signiﬁcant
improvement on computational efﬁciency, especially when dealing with high wavenumber wrinkling
phenomena. Secondly, the proposed macroscopical model allows one to select modal wavelength, which
makes easy to control non-linear calculations. Thirdly, in contrast to Landau–Ginzburg envelope equa-
tions, it may also remain valid away from the bifurcation point and the coupling between global and local
instabilities can be accounted for. The established non-linear system is solved by asymptotic numerical
method (ANM), which is more reliable and less time consuming than other iterative classical methods.
The proposed double scale analysis yields accurate results with a signiﬁcant reduced computational cost.
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Sandwich structures are made up of a soft layer intercalated be-
tween thin and stiff layers. These layer-like structures have been
widely used in industry such as aeronautics, astronautics etc., by
reason of largely reducing the weight and keeping high stiffness.
Generally, this type of structures can support tension and bending,
while under in-plane compressive loading, global buckling of the
whole structure or local wrinkling on the skin or both may occur.
Several works have been previously developed to investigate
the buckling and post-buckling behavior of sandwich structures.
Hunt et al. (1988) and Hunt and Da Silva (1990) established an
analytical model using a Rayleigh–Ritz approach with periodic
functions for the deﬂections of the face plates, which led the
foundations for the later works that account for localization. Hunt
and Wadee (1998) and Wadee and Hunt (1998, 1999, 2000)
proposed a uniﬁed analytical model that accounts for the nonlinear
interaction between local and global buckling by deriving a system
of differential and integral equations. This predicts the secondary
bifurcation, leads to interactive buckling and the shape of the post
buckling mode is shown to localize strongly. They also showed that
modelling shear deformability (even in the simplest sense) is a
necessary condition to capture the interaction. Léotoing et al.ll rights reserved.(2002b,a) proposed a uniﬁed model that accounts for instability
at local and global scale simultaneously. A notable characteristic
of this model is a kind of high-order zig–zag kinematics (Carrera,
2003; Smith and Teng, 2001; Pandit, 2008; Hu et al., 2008) intro-
duced to take account of thickness variation and shear deformation
in the core, which is sufﬁcient to capture almost all features of
sandwich instability. Hu et al. (2009b) combined this model with
ﬁnite element (FE) method and proposed a novel one-dimensional
(1D) FE that offers the results of good agreement with both analyt-
ical and two-dimensional (2D) FE analysis. Although this 1D model
decreases the degrees of freedom (DOF) signiﬁcantly compared to
2D model, some disadvantages should be paid attention to. For
example, a large number of elements would be required when
dealing with high wavenumber local instability phenomena and
the more the wavenumber is, the more elements are needed.
Moreover, it’s difﬁcult to control the non-linear calculations
especially for high wavenumber instability, because too many
solution paths exist around the useful one and the value and
location of perturbation have signiﬁcant inﬂuence on simulation
results.
The bifurcation analysis according to the famous Landau–Ginz-
burg equation (Newell and Whitehead, 1969; Segel, 1969; Damil
and Potier-Ferry, 1986; Iooss et al., 1989; Luongo, 1991; Abdelmoula
et al., 1992; Hunt et al., 2000) is able to overcome the above
difﬁculties, which follows from an asymptotic double scale
analysis. At the microscopical level one accounts for the periodic
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described at the macroscopical scale. However, this macroscopical
evolution has some drawbacks. First this is a bifurcation equation
valid only close to the critical state. Second it is not able to account
for the coupling between a global non-linear behavior and the
appearance of wrinkles, for instance, sandwich structures can un-
dergo both local and global buckling.
Recently a new approach has been presented by Damil and
Potier-Ferry (2008, 2010) that is based on the concept of Fourier
series with slowly varying coefﬁcients. By expanding the unknowns
into Fourier series and evaluating only the Fourier coefﬁcients,
the computational efﬁciency improves a lot in contrast to micro-
scopical models because envelopes vary much more slowly than
instability patterns. Moreover, the use of harmonic functions
allows one to select a priori the useful modal wavelength, what
makes easy to control non-linear calculations. It has been estab-
lished that the models obtained in this way are consistent with
the Landau–Ginzburg technique, but they may also remain valid
away from the bifurcation point and the coupling between global
and local instabilities can be accounted for.
In this paper, the technique of slowly variable Fourier coefﬁ-
cients is employed to establish the macroscopical version of the
1D sandwich element presented by Hu et al. (2009b). The obtained
non-linear equations are then solved by asymptotic numerical
method (Cochelin et al., 1994) (ANM), that offers considerable
advantages in terms of computation time and reliability. The pro-
posed Fourier-related double scale model is validated by compari-
son with analytical solutions and 2D microscopical FE models.
Accurate results have been obtained with a signiﬁcant reduction
not only on the computational cost, but also on the numerical dif-
ﬁculty in controlling non-linear calculations.
2. Preliminaries
2.1. Kinematics formulations
Sandwich structures are considered to be plane and two dimen-
sional with a soft core and stiff skins as shown in Fig. 1. Let x and z
be the longitudinal and the transverse coordinates. The parameters
hf ;hc and ht are, respectively, the thickness of faces, core and total
thickness. According to the kinematic model proposed by Léotoing
et al. (2002b,a), the displacement ﬁeld in the three layers of a sand-
wich beam is given in Eqs. (1)–(3).
Top skin
Utðx; zÞ ¼ utðxÞ  z hfþhc2
 
@Wtðx;zÞ
@x ;
hc
2 < z 6
ht
2
Wtðx; zÞ ¼ wtðxÞ;
8><>>: ð1Þ
Core
Ucðx; zÞ ¼ ucðxÞ  zaðxÞ  z2bðxÞ  z3cðxÞ;
 hc2 < z 6 hc2
Wcðx; zÞ ¼ wcðxÞ  zwðxÞ  z2uðxÞ;
8><>: ð2ÞFig. 1. Sketch of theBottom skin
Ubðx; zÞ ¼ ubðxÞ  zþ hfþhc2
 
@Wbðx;zÞ
@x ;
 ht2 < z 6  hc2
Wbðx; zÞ ¼ wbðxÞ:
8><>: ð3Þ
Here, the longitudinal and transverse displacement ﬁelds are repre-
sented by U andW, while u and w denote longitudinal and trans-
verse displacement ﬁelds of the neutral ﬁber in corresponding
layer. The superscripts t; c and b stand, respectively, for top, core
and bottom layers. In the core, a;b; c;w and u are enrichment func-
tions. Hence, there are totally eleven unknown functions in this
model.
In this kinematic model, the faces are modelled using classical
laminate theory (CLT) which leads to disregard the shear effects
in the skins. In the core, a high order model is used for the descrip-
tion of both longitudinal and transverse displacement ﬁelds.
According to this kinematic model, the shear stress distribution
of the core with respect to z is quadratic. As shown by Léotoing
et al. (2002a) and Hu et al. (2011a), linear shear stress is enough
for describing both symmetrical and antisymmetrical instability
phenomena. In this paper, we also suppose the shear stress is lin-
ear in the core and this gives the following relation:
c ¼ 1
3
u;x: ð4Þ
In this paper, the notation,x denotes @
@x. The displacement ﬁeld
should satisfy the continuity conditions, that is, the longitudinal
and transverse displacements on the interface between two differ-
ent layers are identical:
Utðx; hc2 Þ ¼ Ucðx; hc2 Þ;
Ubðx; hc2 Þ ¼ Ucðx; hc2 Þ;
Wtðx; hc2 Þ ¼Wcðx; hc2 Þ;
Wbðx; hc2 Þ ¼Wcðx; hc2 Þ:
8>><>>>: ð5Þ
From Eqs. (1)–(5), the following relations are obtained:
wc ¼ 12 ðwt þwbÞ þ h
2
c
4 u;
w ¼ 1hc ðwb wtÞ;
a ¼  hf2hc ðwt;x þwb;xÞ  1hc ðut  ubÞ þ
h2c
12u;x;
uc ¼ hf4 ðwt;x wb;xÞ þ 12 ðut þ ubÞ þ h
2
c
4 b:
8>>><>>>:
ð6Þ
Finally, according to Eq. (4) and Eq. (6), the unknowns are reduced
from eleven to six: wt ;wb;ut ;ub, b;u.
2.2. Virtual work equation
Constitutive and geometric equations are determined by the
following hypothesis: (1) material of the beam is elastic and meets
Hooke’s law; (2) the relationships between strain and displace-
ment are described by Green–Lagrange strain relation; (3) the
framework of small strains and moderate rotations is consideredsandwich beam.
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are given by the following equations:
rtxx ¼ Eftxx ¼ Ef Ut;x þ 12 ðWt;xÞ2
 
;
rbxx ¼ Efbxx ¼ Ef Ub;x þ 12 ðWb;xÞ2
 
;
rcxx ¼ Eccxx ¼ EcUc;x;
rcxz ¼ Eccxz ¼ GcðUc;z þWc;xÞ;
rczz ¼ Ecczz ¼ EcWc;z:
8>>>><>>>>>:
ð7Þ
where Ef and Ec are, respectively, Young’s modulus of the skin and
core, Gc is the shear modulus of the core obtained by
Gc ¼ Ec=ð2ð1þ lcÞÞ in which lc is the Poisson’s ratio.
The principle of virtual displacement is expressed as:
Pacc duð Þ ¼ Pint duð Þ þ Pext duð Þ ð8Þ
where du is the virtual displacement. Pacc duð Þ denotes the inertial
terms, Pint duð Þ and Pext duð Þ are, respectively, internal and external
virtual work. In our work, Pacc duð Þ ¼ 0 , and the internal virtual
work is given as:
PintðduÞ ¼ 
Z
Vt
rtxxd
t
xxdV
t 
Z
Vb
rbxxd
b
xxdV
b

Z
Vc
ðrcxxdcxx þ rczzdczz þ rcxzdcxzÞdVc: ð9Þ
where Vt;Vc and Vb stand for the integral domain of top skin, core
and bottom skin. By using Eqs. (1)–(6) and substituting Eq. (7) in Eq.
(9), the microscopical model could be deduced, see Hu et al., 2009b.
In the next part. the technique of slowly variable Fourier coefﬁcient
will be applied to the above equations and the macroscopical model
would be deduced.
3. Macroscopical sandwich model
3.1. General macroscopical formulations
We consider the double-scale approach based on the concept of
Fourier series with slowly varying coefﬁcients. The unknowns are
written in the form of Fourier series whose coefﬁcients vary slowly:
U xð Þ ¼
Xþ1
j¼1
UjðxÞeijqx; ð10Þ
where UðxÞ is the unknown ﬁeld that contains six unknown func-
tions: wt ;wb;ut ;ub;b;u. The Fourier coefﬁcient UjðxÞ denotes the
envelope for the jth order harmonic, which is conjugated with
UjðxÞ. The wavenumber q is deﬁned as q ¼ pl q0, in which, l is the
length of the sandwich and q0 is the wavenumber that is a natural
number varying from 2 to inﬁnity. The choice of q is a natural ques-
tion and is made a priori in this paper.
The macroscopical unknowns UjðxÞ vary slowly over a period
x; xþ 2pq
h i
. Of course, in practice only a ﬁnite number of Fourier coef-
ﬁcients will be considered. As pictured in Fig. 2, at least two func-
tions U0ðxÞ and U1ðxÞ are necessary to describe nearly periodicMean field
Mean field+amplitude
Fig. 2. At least two macroscopical ﬁelds are necessary to describe a nearly periodic
response: the mean ﬁeld and the amplitude of the ﬂuctuation.patterns. U0ðxÞ can be identiﬁed as the mean value while U1ðxÞ rep-
resents the envelope or the amplitude of the spatial oscillations. In
the following, a macroscopical model will be deduced from the ini-
tial microscopical model Eqs. (1-9). Some rules have been proposed
byDamil and Potier-Ferry (2006) to establish the equations satisﬁed
by the envelopes Uj. If aðxÞ and bðxÞ are Fourier series with slowly
varying coefﬁcients as in Eq. (10), the following identities hold:Z l
0
aðxÞbðxÞdx ¼
Z l
0
X1
j¼1
ajðxÞbjðxÞdx; ð11Þ
da
dx
 
j
¼ ða0Þj ¼
d
dx
þ ijq
 
aj ¼ ðajÞ0 þ ijqaj; ð12Þ
d2a
dx2
 !
j
¼ ða00Þj ¼
d
dx
þ ijq
 2
aj ¼ ðajÞ00 þ 2ijqðajÞ0  j2q2aj; ð13Þ
ðabÞj ¼
Xþ1
j1¼1
aj1bjj1 : ð14Þ
Using above identities, the macroscopical displacement ﬁeld is ob-
tained in the following forms:
Utj ¼ utj  z
hcþhf
2
 
d
dx þ ijq
 
Wtj ;
Wtj ¼ wtj ;
8<: ð15Þ
Ucj ¼ ucj  zaj  z2bj  z3cj;
Wcj ¼ wcj  zwj  z2uj;
(
ð16Þ
Ubj ¼ ubj  zþ
hcþhf
2
 
d
dx þ ijq
 
Wbj ;
Wbj ¼ wbj :
8<: ð17Þ
The macroscopical internal virtual work is as follows:
PintðduÞ ¼ 
Z
Vt
Xþ1
j¼1
ðrtxxÞjdðtxxÞjdVt

Z
Vb
Xþ1
j¼1
ðrbxxÞjdðbxxÞjdVb 
Z
Vc
Xþ1
j¼1
ððrcxxÞjdðcxxÞj
þ ðrczzÞjdðczzÞj þ ðrcxzÞjdðcxzÞjÞdVc: ð18Þ
In the same way, the macroscopical constitutive equation is:
rtxx
 
j ¼ Ef txx
 
j ¼ Ef ddxþijq
 
Utj þ 12
X1
j1¼1
d
dxþij1q
 
d
dxþi j j1ð Þq
 
Wtj1W
t
jj1
 !
;
rbxx
 
j ¼ Ef bxx
 
j ¼ Ef ddxþijq
 
Ubj þ 12
X1
j1¼1
d
dxþij1q
 
d
dxþi j j1ð Þq
 
Wbj1W
b
jj1
 !
;
rcxx
 
j ¼ Ec cxx
 
j ¼ Ec ddxþijq
 
Ucj ;
rczz
 
j ¼ Ec czz
 
j ¼ EcWcj;z;
rcxz
 
j ¼Gc cxz
 
j ¼Gc Ucj;zþ ddxþijq
 
Wcj
 
:
8>>>>>>>>>>><>>>>>>>>>>:
ð19Þ
The macroscopical form of Eq. (4) and Eq. (6), which derived from
displacement continuity and assumption for linear shear strain dis-
tribution of the core, are as follows:
cj ¼  13 ddx þ ijq
 
uj;
wcj ¼ 12 wtj þwbj
 
þ h2c4 uj;
wj ¼ 1hc wtj wbj
 
;
aj ¼  hf2hc ddx þ ijq
 
wtj þwbj
 
 1hc utj  ubj
 
þ h2c12 ddx þ ijq
 
uj;
ucj ¼
hf
4
d
dx þ ijq
 
wtj wbj
 
þ 12 utj þ ubj
 
þ h2c4 bj:
8>>>>>><>>>>>>>:
ð20Þ
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model.
Finally, we have transformed the microscopical model into the
equivalent macroscopical model Eqs. (15-20), and the unknowns
wt ;wb; ut ;ub; b;u of micro level are converted to slowly variable
Fourier coefﬁcients wtj ;w
b
j ;u
t
j ;u
b
j ; bj;uj.
3.2. A macroscopical sandwich model with three envelopes
The aim of this work is to use a macroscopical sandwich model
to study global buckling, local wrinkling and global–local-coupling
instability phenomena of sandwich structures, which needs at
least three envelopes as shown in Fig. 2: U0ðxÞ as the mean ﬁeld
for the global buckling, U1ðxÞ and U1ðxÞ as the amplitude of the
ﬂuctuation for the local wrinkling. The global–local-coupling
instability phenomena could be described by the combination of
U0ðxÞ; U1ðxÞ and U1ðxÞ. We express in this section the model
obtained by considering only these three terms (j ¼ 1;0;1) in
the macroscopical virtual work. Moreover, as the longitudinal
displacements Utðx; zÞ;Ucðx; zÞ and Ubðx; zÞ do not ﬂuctuate, the
assumptions, utðxÞ ¼ ut0ðxÞ;ubðxÞ ¼ ub0ðxÞ and bðxÞ ¼ b0ðxÞ, are taken
into account.
In the following, the macroscopical internal virtual work will be
used to build ﬁnite element computational scheme.
3.2.1. Internal work of the core
By applying Eq. (2) and Eq. (7) to Eq. (9), the virtual work of the
core becomes
Pcint duð Þ ¼ 
Z
Vc
Ncadu
c
;x þMcada;x þMcbdb;x þMccdc;x þ Ncbdw

þMcdduþQca 2dbþ dw;x
 þ Qcb dwc;x  da dVc; ð21Þ
where
Nca ¼ Ecb hcuc;x  h
3
c
12 b;x
 
;
Mca ¼ Ecb h
3
c
12a;x þ h
5
c
80 c;x
 
;
Mcb ¼ Ecb  h
3
c
12u
c
;x þ h
5
c
80 b;x
 
;
Mcc ¼ Ecb h
5
c
80a;x þ h
7
c
448 c;x
 
;
Ncb ¼ Ecbhcw;
Mcd ¼ Ecbh
3
cu
12 ;
Qca ¼ GcIc 2bþ w;x
 
;
Qcb ¼ Gcbhc wc;x  a
 
:
8>>>>>>>>>>><>>>>>>>>>>:
ð22Þ
By introducing the generalized stress vector Sch i and strain vector
ech i, the internal work of core is simpliﬁed as:
Pcint duð Þ ¼ 
Z l
0
dech i Scf gdx ¼ 
Z l
0
dqch iT Rc½  Cc
 	
Rc½  qcf gdx
¼ 
Z l
0
dqch iT Dc½  qcf gdx; ð23Þ
where
ech i ¼ uc;xa;xb;xc;xwu 2bþ w;x
 
wc;x  a
 D E
; ð24Þ
Sch i ¼ NcaMcaMcbMccNcbMcdQcaQcb

 
: ð25Þ
Rc½  is the transition matrix deduced from Eq. (4) and Eq. (6), qcf g is
the gradient variable that satisﬁes
ecf g ¼ Rc½  qcf g; ð26Þ
whereqch i ¼ wtwt;xwt;xxwbwb;xwb;xxutut;xubub;xbb;xuu;xu;xx
D E
; ð27Þ
Rc½  ¼
0 0 hf4 0 0 
hf
4 0
1
2 0
1
2 0
h2c
4 0 0 0
0 0  hf2hc 0 0 
hf
2hc
0  1hc 0 1hc 0 0 0 0
h2c
12
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0  13
 1hc 0 0 1hc 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0  1hc 0 0 1hc 0 0 0 0 0 2 0 0 0 0
0 hcþhf2hc 0 0
hcþhf
2hc
0 1hc 0  1hc 0 0 0 0
h2c
6 0
266666666666666664
377777777777777775
:
ð28Þ
Similarly, from Eq. (23), the generalized stress is
Sc
  ¼ Cc 	 Rc½  qcf g: ð29Þ
Here, Cc
 	
is similar to constitutive matrix and has the following
expression:
Cc
 	 ¼ Ecb
hc 0  h
3
c
12 0 0 0 0 0
0 h
3
c
12 0
h5c
80 0 0 0 0
 h3c12 0 h
5
c
80 0 0 0 0 0
0 h
5
c
80 0
h7c
448 0 0 0 0
0 0 0 0 hc 0 0 0
0 0 0 0 0 h
3
c
3 0 0
0 0 0 0 0 0 h
3
c
24 1þlcð Þ 0
0 0 0 0 0 0 0 hc
2 1þlcð Þ
266666666666666666664
377777777777777777775
: ð30Þ
Owing to the constant matrix Dc½  shown in Eq. (23), the macroscop-
ical version of internal virtual work of the core becomes
Pcint duð Þ ¼ 
Z l
0
Xþ1
j¼1
dqc

 
j Dc½  qcf gj
 !
dx: ð31Þ
Here, qcf gjis the envelope corresponding to the jth harmonic of
qcf gand their relation reads
qch i ¼
Xþ1
j¼1
qch ijeijqx; ð32Þ
where
qch ij ¼ wtj wt;x
 
j
wt;xx
 
j
wbj w
b
;x
 
j
wb;xx
 
j
utj u
t
;x
 
j
ubj u
b
;x
 
j
bj b;x
 
j
uj

 u;x
 
j
u;xx
 
j

: ð33Þ
In the following, the relation between qcf gj and qcj
n o
will be estab-
lished to transform all the unknowns on macroscopical scale. As an
example, we write wt;x
 
j
and wt;xx
 
j
:
wt;x
 
j
¼ d
dx
þ ijq
 
wtj ¼ wtj;x þ ijqwtj ; ð34Þ
wt;xx
 
j
¼ d
dx
þ ijq
 2
wtj ¼ wtj;xx  q2j2wtj þ i2jqwtj;x: ð35Þ
Similar equations for wb;x
 
j
; wb;xx
 
j
; u;x
 
j
and u;xx
 
j
are omitted.
The above equations can be written in the following form:
wt
wt;x
wt;xx
8><>:
9>=>;
j
¼
1 0 0
ijq 1 0
j2q2 i2jq 1
264
375 w
t
j
wtj;x
wtj;xx
8><>:
9>=>;: ð36Þ
More concise form is
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j ¼ rwj
h i
wtj
n o
: ð37Þ
For the unknowns with ﬁrst-order derivative such as ut;x
n o
j
, the
equations similar to Eq. (36) can be obtained as the following:
ut
ut;x
( )
j
¼ 1 0
ijq 1
  utj
utj;x
( )
or ut
 
j ¼ ruj
h i
utj
n o
: ð38Þ
Finally, the relation between qcf gj and qcj
n o
reads
qcf gj ¼ Rj
 	
qcj
n o
; ð39Þ
in which,
Rj
 	 ¼ diag rwjh i rwjh i rujh i rujh i rujh i rwjh i ; ð40Þ
qcj
D E
¼ wtjwtj;xwtj;xxwbj wbj;xwbj;xxutjutj ;xubj ubj;xbjbj;xujuj;xuj;xx
D E
: ð41Þ
According to the assumptions that three envelopes (j ¼ 1;0;1) are
taken for functions wt;wb;u and only mean ﬁeld (j ¼ 0) for ut ;ub
and b, the macroscopical virtual work of the core reads
Pcint duð Þ ¼ 
Z l
0
dqch i0 Dc½  qcf g0 þ dqc

 
1 Dc½  qcf g1 þ dqch i1 Dc½  qc
 
1
 
dx
¼ 
Z l
0
dqc

 
Gc½  qcf gdx;
ð42Þ
in which
qch i ¼ qch i0 qch i1 qc

 
1

 
; Gc½  ¼ diag Dc½  Dc½  Dc½ Þ: ð43Þ
In this paper, we focus on the amplitude modulation of the instabil-
ity pattern and not on the phase modulation, so that the macroscop-
ical unknowns can be assumed as real functions. Nevertheless, we
do not assume that the phase is zero, we only assume that it is a
constant that can be deﬁned by the boundary conditions in the sim-
ply supported case (see Section 3.2.4). Based on this assumption,
wtj
n o
in Eq. (37), for example, fulﬁlls wtj
n o
¼ wtj
n o
and the con-
junction of wtf gj can be expressed by
wt
 
j ¼ rwj
h i
wtj
n o
: ð44Þ
Hence, we can use the following vector to express all the
unknowns:
qh i ¼ wt0wt0;xwt0;xxwt1wt1;xwt1;xxwb0wb0;xwb0;xxwb1wb1;xwb1;xxut0ut0;xub0ub0;x
D
 b0b0;xu0u0;xu0;xxu1u1;xu1;xx
E
: ð45Þ
According to Eq. (39) and Eq. (44), the relation between qcf g and qh i
can be expressed by
qcf g ¼ Rc½  Tc½  qf g; ð46Þ
where
Rc½  ¼ diag R0½  R1½  R1
 	 
; Tc½  ¼ T T T0½  T T1½  T T1½ 
 	
:
ð47Þ
T0½  and T1½  have the role of extracting elements from vector qh i
which, respectively, fulﬁll qc0
  ¼ T0½  qf g and qc1  ¼ T1½  qf g. The
elements of T0½  and T1½  are listed in Table 1. Finally, the virtual
work of the core expressed by macroscopical unknowns reads
Pcint duð Þ ¼ 
Z l
0
dqh i Q c½  qf gdx; ð48Þ
in whichQ c½  ¼ T Tc½ T Rc½  Gc½  Rc½  Tc½ : ð49Þ3.2.2. Internal work of the skins
For the skins, strain energy is mainly generated by normal
strain sxx. Superscript s denotes t and b for the top and the bottom
skin. The macroscopical version of txx is expressed as Eqs. (7)–(12),
(8)–(14):
txxj ¼
d
dx
þ ijq
 
utj  z
hc þ hf
2
 
d
dx
þ ijq
 2
wtj
þ 1
2
Xþ1
j1¼1
d
dx
þ ij1q
 
d
dx
þ i j j1ð Þq
 
wtj1w
t
jj1 : ð50Þ
In particular, zero order and the ﬁrst order of txx take the following
expressions:
xxð Þt0 ¼ ut0;x  z
hc þ hf
2
 
wt0;xx þ
1
2
wt20;x þwt21;x þ q2wt21 ; ð51Þ
xxð Þt1 ¼  z
hc þ hf
2
 
wt1;xx  q2wt1
 
þwt0;xwt1;x
 
þ i  z hc þ hf
2
 
2qwt1;x þ qwt0;xwt1
 
: ð52Þ
The macroscopical version of bxx is similar with 
t
xx. Internal virtual
work for the top or the bottom skin considering three envelopes is
formulated as follows:
Psint duð Þ ¼ d
Z
Vs
rsxx
s
xxdV
s ¼ d
Z
Vs
1
2
Ess2xx0 þ Et sxx1
 2dVs :
ð53Þ
By applying txx0; 
t
xx1 to above equation and integrating by part, the
following equation could be obtained:
Psint duð Þ ¼ 
Z l
0
Msa du
s
0;x þws0;xdws0;x þ 2ws1;xdws1;x þ 2q2ws1dws1
 
þMsbd ws0;xws1;x
 
þMscd ws0;xws1
 
þMsddws0;xx þMsedws1
þMsf dws1;x þMsgdws1;xxdx ¼ 
Z l
0
desh i Ms dx; ð54Þ
where
Msa ¼ Ef bhf us0;x þ 12ws20;x þws21;x þ q2ws21
 
;
Msb ¼ 2Ebhfws0;xws1;x;
Msc ¼ 2Ef bhf q2ws0;xws1;
Msd ¼ Ef Ifws0;xx;
Mse ¼ 2Ef If q4ws1;
Msf ¼ 12q2Ef Ifws1;x;
Msg ¼ 2Ef Ifws1;xx:
8>>>>>>><>>>>>>>>:
ð55Þ
Generalized strain of the skin esf gis deﬁned as
esf g ¼ H½  þ 1
2
A qsð Þ½ 
 
qsf g; ð56Þ
in which
H½  ¼
1
0 0
0
1
1
0 1
1
2666666666664
3777777777775
;
Table 1
Elements and sizes of the matrices appearing in Eq. (49) and Eq. (61). The elements which are not listed in the table are zero.
Matrix Size Value Location
T0½  1524 1 (1,1), (2,2), (3,3), (4,7), (5,8), (6,9), (7,13), (8,14) (9,15), (10,16), (11,17), (12,18), (13,19), (14,20), (15,21)
T1½  1524 1 (1,4), (2,5), (3,6), (4,10), (5,11), (6,12), (13,22), (14,23), (15,24)
Rt
 	
724 1 (1,14), (2,1), (3,2), (4,3), (5,4), (6,5), (7,6)
Rb
h i
724 1 (1,16), (2,7), (3,8), (4,9), (5,10), (6,11), (7,12)
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0 0 ws0;x 0 2q
2ws1 2w
s
1;x 0
0 0 ws1;x 0 0 w
s
0;x 0
0 0 ws1 0 w
s
0;x 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
2666666664
3777777775
; ð57Þ
qsh i ¼ us0;x ws0 ws0;x ws0;xx ws1 ws1;x ws1;xx

 
: ð58Þ
A qsð Þ½ and qsf g are linear functions of us and ws, so the internal vir-
tual work of skin as Eq. (54) is a quadratic expression with respect
to the displacement and the generalized stress Ms
 
, which is de-
ﬁned as
Ms
  ¼ D½  H½  þ 1
2
A qsð Þ½ 
 
qsf g; ð59Þ
where
D½  ¼ diag Ef bhf 2Ef bhf 2q2Ef bhf Ef If 2q4Ef If 12q2Ef If 2Ef If
 
:
ð60Þ
To unify the unknowns, the unknown vector qsf g of the skin is ex-
pressed as a function of the whole unknown vector qf g by the fol-
lowing equation:
qsf g ¼ Rs½  qf g; ð61Þ
in which qf g is deﬁned in Eq. (45) and Rs½  is listed in Table 1.
3.2.3. Governing equations
Considering the load proportional to a parameter k, the external
virtual work is deﬁned as
Pext duð Þ ¼ k
Z L
0
b dqh i Ff gdx; ð62Þ
where Ff g denotes the external load. Finally, the macroscopical gov-
erning equation readsR l
0 dqh iT Rt
 	
T H½  þ T A qtð Þ½   St þ dqh iT Rbh i T H½  þ T A qb  	  Sbn odx;
þ R l0 dqh i Q c 	 qf gdx¼ kR L0 b dqh i Ff gdx;
St
 ¼ D½  H½  þ 12 A qtð Þ½   Rt 	 qf g;
Sb
n o
¼ D½  H½  þ 12 A qb
  	 
Rb
h i
qf g:
8>>><>>>:
ð63Þ3.2.4. Boundary conditions
In this part, the macroscopical boundary conditions of simply
supported and clamped beam are deduced. The boundary condi-
tions of longitudinal displacements ut and ub that are approxi-
mated by zero order Fourier series can be applied directly on
corresponding macroscopical unknowns, while the transverse dis-
placement wt ;wb expressed by the uniﬁed form
w ¼ w0ðxÞ þw1ðxÞeiqx þw1ðxÞeiqx
¼ w0ðxÞ þ 2rðxÞ cosðqxþuÞ ð64Þneed some special treatment, where the complex function is writ-
ten as w1ðxÞ ¼ rðxÞeiu. For both simply supported and clamped
boundary conditions, w0ðxÞ should be zero at the boundary and
the above equation can be simpliﬁed as
w ¼ 2rðxÞ cosðqxþuÞ: ð65Þ3.2.5. Simply supported beam
For simply supported boundary conditions, the transverse
displacement of Eq. (65) and its derivatives
w;x ¼ 2r;xðxÞ cosðqxþuÞ  2qrðxÞ sinðqxþuÞ; ð66Þ
w;xx ¼ 2r;xxðxÞ cosðqxþuÞ  4qr;xðxÞ sinðqxþuÞ
 2q2rðxÞ cosðqxþuÞ; ð67Þ
fulﬁll, respectively,
wjx¼0 ¼ 0; w;xxjx¼0 ¼ 0; ð68Þ
which is explicitly given by
2rð0Þ cosu ¼ 0; ð69Þ
2r;xxð0Þ cosu 4qr;xð0Þ sinu 2q2rð0Þ cosu ¼ 0: ð70Þ
By assuming u constant (Damil and Potier-Ferry, 2010; Hu et al.,
2011b), the coefﬁcients of q; q2 are zero due to the arbitrariness of
q, and rð0Þ corresponding to the amplitude of the harmonic on the
boundary should be non-zero. Hence, the equivalent macroscopical
simply supported boundary conditions can be deduced as:
r;xð0Þ ¼ 0; u ¼ p2 : ð71Þ
or the following more detailed forms:
w0ð0Þ ¼ 0; w1;xð0Þ ¼ 0; u ¼ p2 : ð72Þ
which indicates that the mean ﬁeld and the derivative of the ampli-
tude ﬁeld are both constrained. In a similar way, the simply sup-
ported conditions expressed by macroscopical variables at x ¼ l are
w0ðlÞ ¼ 0; w1;xðlÞ ¼ 0: ð73Þ3.2.6. Clamped–clamped beam
The clamped boundary conditions at x ¼ 0 can be given as
wjx¼0 ¼ 0; w;xjx¼0 ¼ 0: ð74Þ
Substituting the above equation into Eq. (66) and Eq. (67), we ob-
tain the following equations:
rð0Þ cosu ¼ 0; ð75Þ
r;xð0Þ cosu qrð0Þ sinu ¼ 0: ð76Þ
As the amplitude is slowly variable, the ﬁrst term of Eq. (76) can be
neglected and the amplitude of the oscillation is about zero at the
boundary. Thus, the corresponding macroscopical expressions for
clamped boundary conditions are as follows:
w0ð0Þ ¼ 0; w1ð0Þ ¼ 0: ð77Þ
In the same way, the boundary conditions at x ¼ l are
FF
F
F
Fig. 3. Sketch of the sandwich beam.
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Note that, in the clamped case and in this framework of a real
amplitude, the phase u can neither be determined by the boundary
conditions, nor by the amplitude equation.
3.3. Discretization
Governing equation of macroscopical model has the same form
as the one in Hu et al. (2009b), whose procedures of discretization
and resolution of FE equation are adopted in this article. Compar-
ing to the microscopical element proposed by Hu et al. (2009b),
the degrees of freedom for each node increases from 8 to 15 and
this leads to elementary unknown vector as the following:
vh i ¼ wtI0wtI0;xwtI1wtI1;xwbI0 wbI0;xwbI1 wbI1;xutI0ubI0 bI0uI0uI0;xuI1uI1;xwtII0 wtII0;xwtII1 wtII1;x
D
wbII0 wbII0;xwbII1 wbII1;xutII0 ubII0 bII0uII0uII0;xuII1uII1;x
E
: ð79Þ
which is determined by macroscopical unknown vector of Eq. (45).
To ﬁnd the relations between macroscopical unknowns and the no-
dal ones, ut0;u
b
0;b0 are discretized by linear functions, while trans-
verse displacement of the skin wt0;w
t
1;w
b
0;w
b
1 and enrichment
functions u0;u1 by Hermite functions. The uniﬁed discretization
of macroscopical unknowns can be obtained by
VL¼Cð1ÞV1LþCð2ÞVIIL¼ NVLh i vf g; ð80Þ
VH¼Cð3ÞV1HþCð4ÞV1HþCð5ÞVIIHþCð6ÞVIIH¼ NVHh i vf g; ð81Þ
in which, VL denotes the three linear functions ut0;u
b
0;b0 and VH
six Hermite functions wt0, w
t
1;w
b
0;w
b
1;u0;u1. NVLh i and NVHh i are
corresponding interpolation function matrices whose nonzero ele-
ments are determined by
C ¼ 1 n
2
1þ n
2
ð1 nÞ2ð2þ nÞ
4
leð1 n2Þð1 nÞ
8
*
 ð1þ nÞ
2ð2 nÞ
4
leð1þ n2Þð1þ nÞ
8
+
: ð82Þ
n is the elementary local coordinate and le is the length of the ele-
ment. Here, we take ut0 and w
t
0 as example and their explicit forms
are as the following:
ut0 ¼ Cð1ÞutI0 þ Cð2ÞutII0 ¼ Nut0
D E
vf g; ð83Þ
wt0 ¼ Cð3ÞwtI0 þ Cð4ÞwtI0;x þ Cð5ÞwtII0 þ Cð6ÞwtII0;x ¼ Nwt0
D E
vf g: ð84Þ
For Nut0
D E
, the 9th and 24th nonzero element are, respectively, Cð1Þ
and Cð2Þ and for Nwt0
D E
, the 1st, 2nd, 16th, 17th element are non-
zero and their values change from Cð3Þ to Cð6Þ. The interpolation
matrix of other macroscopical unknowns can be obtained in similar
way. Then, we have
qf g ¼ G½  vf g; ð85Þ
where the global interpolation matrix G½  is assembled by NVL , NVH
and their derivatives. Finally, substituting Eq. (85) in Eq. (63), a semi
discretization form of the governing equation is expressed by
P
e dvh i
R le
0
T ½BtðvÞ stf g þ T ½BbðvÞ sb dxþ ½kc vf g  k ff g  ¼ 0;
ssf g ¼ ½D ½Bsl  þ 12 ½BsnlðvÞ
 
vf g;
8<:
ð86Þ
where½BsðvÞ ¼ ½Bsl  þ ½BsðvÞnl ;
½Bsl  ¼ ½H½Rs½G;
½BsnlðvÞ ¼ ½AðvÞ½Rs½G;
½kc ¼ R le0 T ½G : ½Qc½Gdx;
ffg ¼ b R le0 T ½GfFgdx:
8>>>><>>>>:
ð87Þ
The form of Eq. (86) is the same as the one deduced by Hu et al.
(2009b). The asymptotic numerical method (Cochelin et al., 1994)
is used to solve the set of equations. For each element the unknown
vector ( vf g) is determined at the nodes and the stress vector ( ssf g)
is determined at the Gauss points. Details on the use of the ANM for
the resolution of non-linear equations are given in Annexe A.
We remark that the established 1D macroscopical model 86 is
able to simulate: (1) global buckling by setting wt1;w
b
1 and u1 to
be zero, (2) local wrinkling by setting wt0;w
b
0 and u0 to be zero,
(3) global–local-coupling by retaining all the unknowns.
4. Results and discussions
The sketch of simply supported sandwich beam is shown in
Fig. 3. Forces are applied at the extremities of sandwich beam.
Sandwich parameters applied in this article are listed in Table 2.
Beam I is used to work out the antisymmetrical and symmetrical
local wrinkling modes. This beam has been studied in Hu et al.
(2009b) by 1D microscopical model. Beam II is chosen from Léoto-
ing et al. (2002b). Both global buckling and local wrinkling of Beam
II are investigated via different ratios hf =hc. These two ﬁrst exam-
ples permit us to validate the macroscopical numerical model. The
global–local-coupling instability is studied by Beam III. In all the
numerical tests of this paper, the critical load is detected by the
brutal change of displacement-load curve. The wavenumber q0 is
considered as a known parameter in the calculation. Nevertheless
in the case of Beam III, various wavenumbers q0 will be tested
and it is expected that the effective wavenumber corresponds to
the ﬁrst secondary bifurcation point.
4.1. Validation of 1D macroscopical model via beam I
Hu et al. (2009b) have established a 1D microscopical FE model
of sandwich structures which saves considerable computation
time for post-buckling analysis. Within their work, the 7th order
of antisymmetrical mode and 24th symmetrical mode are ob-
tained, so is the bifurcation curve. The most important improve-
ment of the 1D model in comparison with 2D is the higher
efﬁciency, while some drawbacks as follows are obvious:
 Speciﬁc imperfection should be applied on the structure in
order to get the particular mode. For example, one should apply
two reversed small transverse imperfection at x ¼ l14 and x ¼ 3l14
to simulate the 7th mode. Otherwise, we may work out other
modes or can’t detect any bifurcation phenomenon. The higher
the mode we choose, the harder our work will be. In addition,
sensitivity to imperfection would bring a lot of trouble for the
conﬁguration which has adjacent critical load but different
wavenumber.
 It is obvious that computation expenses will increase with the
wavenumber although the 1D microscopical model improves
the efﬁciency a lot relative to 2D model. These shortcomings
Table 2
Geometrical and material parameters of sandwich beams.
Ef ðPaÞ lðmÞ GcðPaÞ Ec=Ef hcðmÞ hf =hc
Beam I 6.9e10 0.5 2.65e6 1.0e4 8.3e3 0.1
Beam II 7.0e10 0.47 3.57e7 1.4e3 5.0e2 0.015–0.045
Beam III 6.9e10 0.5 2.65e6 1.0e4 9.4e3 0.033
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Fig. 4. Transverse displacement versus load F for the 7th antisymmetrical wrinkling
of beam I. ANM parameters: p ¼ 15, e ¼ 106, 30 steps.
Fig. 5. The 7th antisymmetrical mode of beam I.
Table 3
Comparison between numerical critical load obtained by macroscopical model with 2
elements and analytical solutions for different wavenumber. ANM parameters:
p ¼ 12; e ¼ 106, 30 steps.
q0 5 10 15 20 25 30
Analytical (104N/m) 1.65 2.64 4.27 6.55 9.48 13.06
Numerical (104N/m) 1.66 2.64 4.27 6.55 9.48 13.06
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Fig. 6. Transverse displacement versus load F for the 24th symmetrical wrinkling of
beam I. ANM parameters: p ¼ 15, e ¼ 106, 30 steps.
Fig. 7. The 24th symmetrical mode of beam I.
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Fig. 8. Comparison between numerical critical load and the analytical solution for
different thickness ratio of beam II. k represents the critical load. The superscripts A
and N denote respectively the analytical and numerical solution. The subscripts
AG;AL and SL stand respectively for global buckling, antisymmetrical and symmet-
rical wrinkling.
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tion. For example, the 139th antisymmetrical mode which
corresponds to the lowest critical load for the sandwich conﬁg-
uration in Hu et al. (2009b), requires at least 139 elements to
simulate the wrinkling phenomenon.
However, the 1D macroscopical model overcomes the above short-
ages. Fig. 4 shows the bifurcation curve of 7th mode (q0 is set to be
7) for conﬁguration of beam I. Analytical and numerical critical
load are almost the same and there are deﬁnitely 7 half-waves
for the corresponding mode as depicted in Fig. 5. The results are
obtained by using only 2 elements, which means 45 DOF, and
applying a pair of transverse perturbation force with a value of
F=105 on the center of the structure. For the other critical loadscorresponding to different modes of beam I, good correlations
between analytical and numerical calculations can be observed in
Table 3. Although the modes listed in Table 3 are not the lowest
mode (the lowest mode is global buckling) for the geometrical con-
ﬁguration, relevant critical loads are all detected accurately. Noting
that the element number and perturbation force are absolutely the
same for all modes and our work is just to change the wavenumber
q0, so the macroscopical model saves a lot of computation resource
and signiﬁcantly reduces the difﬁculty of perturbation. For the
24th symmetrical mode of Beam I, exact bifurcation point shown
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Fig. 9. Bifurcation curves of global buckling and local wrinkling of beam II with
hf =hc ¼ 0:028. Global buckling curve is obtained by settingwt1;wb1 andu1 to be zero,
and local wrinkling curve is obtained by setting wt0;w
b
0 and u0 to be zero.
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Fig. 10. Bifurcation curves of global buckling and local wrinkling of beam II with
hf =hc ¼ 0:032. Global buckling curve is obtained by settingwt1;wb1 andu1 to be zero,
and local wrinkling curve is obtained by setting wt0;w
b
0 and u0 to be zero.
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Fig. 11. Bifurcation curve of beam II with hf =hc ¼ 0:028. All the unknowns are
retained.
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Fig. 12. Bifurcation curve of beam II with hf =hc ¼ 0:032. All the unknowns are
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turbation force of F=105 applied on the skin of at x ¼ l=2 are
enough to obtain the results. Therefore, the macroscopical model
easily overcomes the disadvantages of microscopical model for
both symmetrical and antisymmetrical wrinkling modes.
The amplitude of buckling mode plotted in Fig. 5 and Fig. 7 is
close to constant, which implies that few elements are enough to
simulate the slowly variable envelope. Furthermore, the character
of high efﬁciency and robustness for macroscopical model show us
a brand newmethod for looking for the lowest critical load of wrin-
kling phenomenon, namely, one could calculate the critical load
according to different wavenumber q0 and then choose the lowest
one among them.Fig. 13. Transverse displacement versus load F of beam III.
4.2. Validation of 1D macroscopical model via Beam II
Comparison of global buckling and local wrinkling critical local
between analytical and numerical solution for Beam II withdifferent thickness ratios hf =hc has been conducted in this part.
Thereinto, the theoretical critical load solutions are referred to
the expression investigated by Léotoing et al. (2002b), Léotoing
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Fig. 14. Zoom of the second bifurcations in Fig. (13).
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chosen as the one obtained by analytical solution. It is worthy
mentioning that antisymmetrical wrinkling corresponds to the
perturbation forces with the same direction on the top and bottom
skin and the symmetrical wrinkling corresponds to the perturba-
tion forces with opposite direction on the top and bottom skin.
As depicted on Fig. 8, good agreement between analytical and
numerical results can be noticed for different geometric parameter
hf
hc
. The results are better than that worked out by simpliﬁed FE
model (Léotoing et al., 2002b) whose maximal discrepancy with
analytical solution is close to 22% corresponding to antisymmetri-
cal wrinkling and 15% for symmetrical wrinkling. What is more, 2
or 3 elements, namely 45 or 60 DOF, are sufﬁcient for antisymmet-
rical and symmetrical wrinkling to detect the critical load cor-
rectly. Thus the computation efﬁciency improves a lot in contrast
to traditional analysis methods. It should be noted that the global
buckling critical load as depicted in Fig. 8 is obtained by setting
wt1;w
b
1 and u1 to be zero and using 10 elements rather than 2
elements in wrinkling cases. The reason is as follows: the global
buckling pattern is not spatially periodic and then cannot be
approximated by using the ﬁrst order of Fourier series. Therefore,
one should use zero order to simulate the mean ﬁeld and that
needs more elements.Fig. 15. Global–local-coupling instabilityNow, we focus on the cases where global and local critical loads
are very close-so close that any perturbation can shift a buckling
into another, see (Léotoing et al., 2004) for determining these con-
ﬁgurations and see (Byskov and Hutchinson, 1977) for interactive
modes in optimal structures. In the cases of hf =hc ¼ 0:028 and
hf =hc ¼ 0:032 of beam II, the critical loads of global buckling and
local wrinkling should be very close, see Fig. 8. In Figs. 9 and 10,
the bifurcation curves of global buckling and local wrinkling are
compared: when hf =hc ¼ 0:028, the global buckling happens after
the local wrinkling; when hf =hc ¼ 0:032, the global buckling hap-
pens before the local wrinkling. In these two cases, the 1D macro-
scopical model correctly detects the sequences of instability modes
by setting wt1;w
b
1 and u1 to be zero for the global buckling and
wt0;w
b
0 and u0 to be zero for the local wrinkling. When all the un-
knowns are retained in the model, we get Figs. 11 and 12, which
show that two bifurcation points are detected at the same load that
means the global buckling and local wrinkling are very close and
any perturbation can shift a buckling mode into another.
4.3. Global–local-coupling instability
Beam III in Table 2 is chosen to study the so called global–local-
coupling instability phenomena of sandwich structures. The wave-
number is chosen as q0 ¼ 30; q0 ¼ 35; q0 ¼ 40; q0 ¼ 45 and q0 ¼
50, which permits us to correctly detect the critical load concerning
local wrinkling by comparing the second bifurcation. Small trans-
verse perturbation forces F
106
are applied at the center of the structure
corresponding towt0;w
t
1;w
b
0;w
b
1. As discussed in the previous section,
global buckling pattern needs more macroscopical elements. In the
following, 10 elements with 165 DOF will be applied in the macro-
scopical model. The 1D macroscopical model will be compared to
the 2D microscopical FE model that uses 2D-Q8 elements and can
be considered as the reference solution. Here, 2D microscopical FE
model consists of 1120 elements with 160 elements on the length
and 7 elements on the thickness that leads to 7390 DOF.
Fig. 13 illustrates the bifurcation curves of 1D macroscopical
model and 2Dmicroscopical model. One can see that the instability
process consists of two phases: global buckling and local wrinkling.
The 1D macroscopical model predicts well the ﬁrst bifurcation
point (global buckling), and it is in fair agreement with the 2Dmod-
el at the second bifurcation point (local wrinkling). Fig. 14 is the
zoom of the second bifurcations of 1D macroscopical model, whichphenomenon of sandwich beam III.
Y. Liu et al. / International Journal of Solids and Structures 49 (2012) 3077–3088 3087shows that the wavenumber q0 ¼ 35 corresponds to the minimal
critical load of local wrinkling. However, the 1D macroscopical
model is not very sensible to the choice of wavenumber q0.
Fig. 15 depicts the deformations of twomodels and Fig. 15(d) shows
that the 1D macroscopical model is able to describe the global–lo-
cal-coupling phenomena of sandwich structures. In other hand,
the 1D macroscopic model seems to be relatively stable, because
its ﬁrst and second critical loads are both bigger than the results
of 2D model. The differences on the post-buckling between the
1D macroscopical model and 2D complete shows that the use of
slowly varying functions is only appropriate at the onset of interac-
tive buckling, when the deﬂections are only moderately large. As
the post-buckling displacement grows, the degree of localization
can be quite sharp (see Wadee and Hunt, 1998, 1999, 2000, 2005,
2010) and may not be described well using slowly varying func-
tions. Although there are small differences on the bifurcation curves
and deformation shapes, especially in the postébuckling process,
the 1D macroscopical demonstrates a high efﬁciency (3% DOF of
2D microscopical model) and signiﬁcant robustness in the control
of nonlinear solution.
5. Conclusions
This paper applies the technique of slowly variable Fourier coef-
ﬁcients to the global and local buckling of sandwich structures. The
computational efﬁciency and reliability are signiﬁcantly improved
in contrast to classical models, especially treating with high wave-
number wrinkling instability phenomena. This technique could be
extended to 2D cases and will have a powerful ability to analyze al-
most all the instability problems with periodic spatial patterns, e.g.,
wrinkling of thin sheets (Friedl et al., 2000; Lecieux and Bouzidi,
2010), global–local-coupling instability of inﬂatable membranes
(Diaby et al., 2006), wrinkling of thin ﬁlms on soft substrates (Aud-
oly and Boudaoud, 2008; Li et al., 2011), and so on. However, it is dif-
ﬁcult to consider boundary effects in macroscopical model and this
disadvantage can be overcome by introducing bridging technique
(Dhia and H., 1998; Dhia et al., 2005; Hu et al., 2009a) coupling
microscopical on the boundary andmacroscopicalmodel in the bulk
(Hu et al., 2011b). This technique will be discussed in the future.
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Appendix A. Resolution of nonlinear problem
Suppose that Vf g and Ss  vectors are the assembly of vf g and
ssf g vectors. The solution point, ( Vf gjþ1, Ss jþ1 and kjþ1), at the end
of the step jþ 1, is determined using the last point solution,
ð Vf gj; Ss j; kjÞ, of the previous step j as a known starting solution
point. Following the perturbation technique, an approached solu-
tion path, in the step jþ 1, is represented by truncated power ser-
ies at order n:
Ss
  ¼ Ss j þXn
p¼1
ap Ssp
n o
¼ Ss j þ a Ss1 þ a2 Ss2 þ . . . ð88Þ
Vf g ¼ Vf gj þ
Xn
p¼1
ap Vp
  ¼ Vf gj þ a V1f g þ a2 V2f g þ . . . ð89Þk ¼ kj þ
Xn
p¼1
apkp ¼ kj þ ak1 þ a2k2 þ . . . ð90Þ
a ¼ V1h i V  Vj
n o
þ k1ðk kjÞ: ð91Þ
Substituting the approached solution (Eqs. (88) and (90)) into Eq.
(86), results in a linear system of equations at each order p. The
algebraic equations for the order 1 and the order p will be derived
below.
Order 1X
e
dvh i½kc vf g þ
X
e
dvh i
Z le
0
T ½BtðvjÞ st1
 þ T ½Btnlðv1Þ st j
þT ½BbðvjÞ sb1
 þ T ½Bbnlðv1Þ sb jdx ¼ k1X
e
dvh i ff g; ð92Þ
ss1
  ¼ ½D½BsðvjÞ v1f g; ð93Þ
1 ¼ hV1i V1f g þ k21: ð94Þ
Eq. (94) represents a complementary condition used to complete
the system of equations after assembly. The term T ½Bsnlðv1Þ ssf gj
can be expressed as
T ½Bsnlðv1Þfssg
j ¼ T ½GT ½Rs½essj½Rs½Gfv1g: ð95Þ
in which,
~ss½  ¼
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 ssj1 0 s
sj
3 s
sj
2 0
0 0 0 0 0 0 0
0 0 ssj3 0 2q
2ssj1 0 0
0 0 ssj2 0 0 2s
sj
1 0
0 0 0 0 0 0 0
2666666666664
3777777777775
; ð96Þ
where ssj1 is the ﬁrst term of the vector s
sf gj. Taking into account Eq.
(95), after substituting the linearized behavior Eq. (93) in the equi-
librium Eq. (92), we get:X
e
dvh i ½kðv; ssÞ v1f g  k1 ff gð Þ ¼ 0: ð97Þ
where ½kðv; ssÞ is the elementary stiffness matrix given below:
½kðv; ssÞ ¼ kc 	þ Z le
0
T ½BbðvjÞ½D½BbðvjÞ þ T ½GT ½Rb½esbj½Rb½G
þ T ½BtðvjÞ½D½BtðvjÞ þ T ½GT ½Rt½estj½Rt½Gdx: ð98Þ
After the assembly of the elementary matrices, we have a linear
equation related to order 1:
½KtðVjÞ V1f g ¼ k1 Ftf g; ð99Þ
where ½KtðVjÞ and Ftf g are the global stiffness matrix and force
vector.
Order p
The equivalence of the Eqs. (92)–(94) at order 1, are given
respectively by the Eqs. (100)–(102) at order p.X
e
dvh i½kc vf g þ
X
e
dvh i
Z le
0
T ½BtðvjÞ spt
 þ T ½BtnlðvpÞ st j
þ T ½BbðvjÞ sbp
n o
þT ½BbnlðvpÞ sb
 j
dx ¼ kp
X
e
dvh i ff g
þ
X
e
dvh i ftnlp
n o
þ fbnlp
n o 
; ð100Þ
ssp
n o
¼ ½D½BsðvjÞ vp
 þ ssnlpn o; ð101Þ
V1h i Vp
 þ k2p ¼ 0: ð102Þ
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ence of two new terms at each order p > 1, the ﬁrst one in the equi-
librium Eq. (100): fsnlp
n o
, and the second one in the behavior Eq.
(101): ssnlp
n o
, these new terms depend on the displacement and
stress at orders anterior to the order p:
fsnlp
n o
¼ 
Xp1
r¼1
Z le
0
T ½BsnlðvprÞ ssr
 
dx; ð103Þ
ssnlp
n o
¼ 1
2
½D
Xp1
r¼1
½BsnlðvprÞ vrf g: ð104Þ
Taking into account Eq. (95), after substituting the behavior Eq.
(101) in the equilibrium equation Eq. (100), we get:X
e
dvh i½kðv; ssÞ vp
  ¼X
e
dvh i kp ff g þ fnlp
n o 
; ð105Þ
where
fnlp
n o
¼ ftnlp
n o
þ fbnlp
n o

Z le
0
T ½BtðvjÞ stnlp
n o
þ T ½BbðvjÞ sbnlp
n o 
dx:
ð106Þ
The assembly of the elementary matrices at each order p leads to:
½KtðVjÞ Vp
  ¼ kp Ftf g þ Fnlpn o; ð107Þ
where Fnlp
n o
is obtained by the assembly of fnlp
n o
. Comparison be-
tween Eq. (99) and Eq. (107), shows that the global stiffness matrix
is the same for both the order 1 and the order p. Therefore there is
just one stiffness matrix to inverse for all orders. Once the values of
Vp
 
are calculated, the path solution at step jþ 1 can be obtained
by:
Vf gjþ1 ¼ Vf gj þ a V1f g þ a2 V2f g þ . . . ð108Þ
The value of a is chosen as
a ¼  V1k k
Vnk k
  1
n1
; ð109Þ
where  is the precision parameter, which is chosen by the user.
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